Below a temperature of approximately 29 K the manganese magnetic moments of the cubic binary compound MnSi order to a long-range incommensurate helical magnetic structure. Here, we quantitatively analyze a high-statistic zero-field muon spin rotation spectrum recorded in the magnetically ordered phase of MnSi by exploiting the result of representation theory as applied to the determination of magnetic structures. Instead of a gradual rotation of the magnetic moments when moving along a <111> axis, we find that the angle of rotation between the moments of certain subsequent planes is essentially quenched. It is the magnetization of pairs of planes which rotates when moving along a <111> axis, thus preserving the overall helical structure.
I. INTRODUCTION
The determination of the magnetic structure of a magnet is usually performed using neutron diffraction through a two-step process.
1 First the propagation wave vector of the structure is determined. Then a model for the Bragg reflection intensities leads to the magnetic structure. In some cases local probe techniques can help in the refinement of a magnetic structure previously inferred from neutron diffraction 2 or can even precede it.
3,4
The MnSi compound has attracted attention since the first determination of its helical magnetic structure by neutron diffraction in the 1970s. 5 Recently the detection of a skyrmion phase, first by neutron diffraction, 6 has renewed the interest in this system.
In this paper we report a rather detailed analysis of a previously published field distribution measured by the muon spin rotation technique (µSR) at 5 K for a single crystal of MnSi. 7 This system is described as a helimagnet: while the Mn magnetic moments are ferromagnetically aligned in planes perpendicular to the magnetic propagation vector k <111>, the direction of the moments in subsequent planes slightly rotates with a phase merely given by the scalar product k · r, r denoting the position of a Mn atom in the crystal. Here we show that an additional phase is present that distinguishes the Mn atoms for which the local symmetry axis is or is not collinear to k. As a consequence of this phase shift, the angle between moments in some subsequent planes nearly vanishes, i.e., they are in fact quasi-ferromagnetically aligned.
We shall first present some physical properties of MnSi in Sec. II. This will allow us to introduce some notations to be used later on. In the next section (Section III) we shall summarize the recently published results obtained from a µSR study of MnSi.
7 Section IV examines the magnetic structures of MnSi compatible with its crystallographic symmetry. In Sec. V, using a method powerful enough to account for a local deviation of the magnetic structure from the well-known slowly varying magnetic density, we describe the zero-field (ZF) µSR spectrum recorded at 5 K for MnSi. A discussion of our result which is compatible with published neutron diffraction results is given in Sec. VI. Some conclusions are gathered in Sec. VII. In Appendix A, using representation theory as applied to the selection of magnetic structures consistent with crystalline symmetries, we determine the possible solutions for MnSi. Appendix B lists some basic results from representation theory.
II. SOME PHYSICAL PROPERTIES OF MnSi
The room temperature crystal structure of the compound MnSi was solved by Borén already in 1933. 8 It crystallizes in the cubic P2 1 3 space group with the socalled B20 structure, a structure with no center of symmetry. The lattice parameter is a lat = 4.558Å. The Mn and Si atoms occupy 4a Wyckoff positions. The coordinates of a 4a position depend on a single parameter x, i.e., x Mn = 0.138 and x Si = 0.845. Namely, the four equivalent positions are (x, x, x), (x + 
x).
The MnSi structure can be viewed as a stacking of Mn and Si planes perpendicular to a three-fold axis, say [111] . Hereafter we will only consider the Mn sites. Two types of alternatively stacked Mn planes can be distinguished. One is constituted by atoms whose local trigonal axis is collinear to [111] . The other type of planes contains the other atoms with a local trigonal axis symmetryequivalent to, but different from [111] . The atomic population of the two types of planes is in the ratio 1:3. Interestingly the planes are not equidistant: two interplanar distances are found, 1.179 and 1.453Å.
The compound exhibits a magnetic transition near 29 K with a magnetic moment of m = 0.4 µ B per Mn atom at low temperature. 9 The first order nature of the transition has slowly emerged, with some theoretical evidence already presented in 1980.
10 From neutron diffraction it has been established that the Mn magnetic moments form a left-handed helix with an incommensurate propagation vector k ℓ parallel to one of the four threefold axis. 5, 11 Here the subscript ℓ labels one of the four Kdomains as discussed below. Since k ℓ ≡ k ≃ 0.35 nm −1 at low temperature, the helix period is 2π/k = λ h ≃ 18 nm. In the assumed structure, the Mn magnetic moments are ferromagnetically aligned in planes perpendicular to k ℓ while, from one plane to the following, their orientation slightly rotates. The mathematical expression for the magnetic moment at position r is given by the formula
Here α 0 is a phase and a ℓ and b ℓ are two orthonormal vectors orthogonal to k ℓ , with
The system is characterized by a hierarchy of three energy scales comprising a dominant ferromagnetic symmetric exchange interaction, a relatively weak antisymmetric Dzyaloshinski-Moriya (DM) exchange interaction caused by the lack of a center of symmetry in the crystal structure and a much weaker anisotropic exchange interaction fixing the direction of propagation of the magnetic spiral along one of the cube diagonals. Taking into account the two exchange terms and following Ginzburg and Landau, the free energy functional can be expanded in terms of a slowly varying magnetic density consistent with Eq. 1.
10,12
Two types of magnetic domains exist. To the four branches of the star formed by the magnetic structure propagation vectors correspond four K-domains, i.e., k ℓ can be collinear to [111] , [111] , [111] , or [111]. We will denote these domains by the letters A, B, C, and D, respectively, i.e., ℓ ∈ {A, B, C, D}. We also need to pay attention to the three spin-domains: i.e., for a given K-domain there are three S-domains corresponding to a phase equal to α 0 , α 0 + 2π/3 and α 0 + 4π/3 in Eq. 1, respectively. However, since we are interested in the field distribution measured by µSR we shall integrate over a phase ζ varying between 0 and 2π to account for the incommensurate structure; see Sect. V for full details. This implies that the existence of the S-domains has no influence on the computed µSR field distribution.
III. SUMMARY OF RECENT µSR RESULTS
Two main experimental results were obtained from a recent µSR study of single crystalline MnSi.
7
The angular dependence of the muon precession frequencies measured with a transverse field in the paramagnetic phase matches expectation for the muon in a 4a position with x µ + = 0.532. Hence, to a crystallographic 4a position correspond four different muon magnetic sites, that we will identify with the index η, namely η ∈ {1, 2, 3, 4}. The aforementioned angular dependence reflects the symmetry of the dipole field acting on the muon spin and arising from the lattice of Mn moments. In addition to this field, an isotropic hyperfine contact field, described by a constant to be defined in Sec. V, was measured. In the following we will denote r 0,sη the vector distance between the muon site s η and the origin of the cubic lattice. Remarkably, there is no need to invoke a muon-induced effect to understand the paramagnetic data.
Building on the determination of the crystallographic muon position, the field distribution derived from a Fourier transform of a high statistic ZF spectrum at 5 K was discussed in terms of the distribution of fields expected for the magnetic density of Eq. 1. It was argued that muons in three out of the four muon magnetic sites sense identical field distributions typical of an incommensurate helical magnetic structure. These are continuous field distributions characterized by a lower and a upper cut-off fields. 13 On the other hand, muons at the remaining site probe a unique third field irrespective of the phase α 0 of the helix. The shape of the distribution deduced from the Fourier transform of the asymmetry spectrum supports this analysis. However, the difference between the lower cutoff and third fields was predicted to be 2 mT whereas a splitting of 4.8 (4) mT was measured.
7 This discrepancy cannot be resolved by tuning the values of x µ + or of the hyperfine contact field. Surprisingly, we found that it can be resolved assuming k to be approximately twice as large as expected from neutron diffraction. 5 This cannot be correct and therefore suggests the description of the magnetic density as expressed by Eq. 1 to be a too rough approximation for the description of the ZF µSR spectrum.
IV. SYMMETRY ANALYSIS OF THE MAGNETIC STRUCTURE OF MnSi
The magnetic density in Eq. 1 was obtained from a Ginzburg-Landau expansion valid at a mesoscopic scale. At a microscopic level it may be worth paying attention to each of the four Mn atoms in a unit cell. We specify the position of a unit cell by the cubic lattice vector i and that of a Mn atom within a cell by d γ with γ ∈ {I, II, III, IV}. For a magnetic moment at position i + d γ we write
Here we still assume helices, i.e., a ℓ,dγ and b ℓ,dγ are orthogonal unit vectors, but we recognize that they may be different for the four Mn atoms in a cell. In fact, we are only looking for a small deviation from the magnetic structure predicted by Eq. we need to determine the magnetic structures compatible with the crystallographic symmetry. This is done in Appendix A where it is shown that two kinds -the so-called orbits -of Mn atoms must be considered; see also Fig. 1 . From this symmetry analysis we basically get two results. (i) A phase shift φ between the moments in the two orbits may exist, the value of which is not provided by the analysis. (ii) For a given k-domain the plane defined by a ℓ,dγ and b ℓ,dγ may not be orthogonal to k ℓ . The rotation axis n ℓ,dγ = a ℓ,dγ × b ℓ,dγ is defined by its polar θ and azimuthal ϕ angles in the MnSi cubic frame. Hence, compared to the magnetic structure given by Eq. 1 we have three additional free parameters. In the fitting procedure we will allow them to deviate from the original values φ 0 = 0, θ 0 = 54.7
• and ϕ 0 = 45 • for which the structure corresponds to Eq. 1. In fact we will find that the experimental data are well accounted for with θ = θ 0 and ϕ = ϕ 0 , i.e., we can choose a ℓ,dγ and b ℓ,dγ independent of γ, and three of the four α ℓ,dγ phases to be equal. We shall set them to 0 without loss of generality. Only a relative change φ of the fourth phase is necessary to obtain a proper fit.
V. ANALYSIS OF THE ZF µSR SPECTRUM OF MnSi AT 5 K BASED ON SYMMETRY
Before proceeding to the analysis of the ZF µSR spectrum, we expose a few experimental details. The crystal used for this experiment was grown by the Czochralski method and already served for µSR experiments reported in Ref. 14. The ZF spectrum of interest in the present study was recorded with the GPS spectrometer of the Swiss Muon Source (Paul Scherrer Institute, Villigen, Switzerland). The [111] crystal axis was set collinear to the muon initial polarization.
The standard ZF setup was used for this experiment.
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Polarized muons are implanted in the sample under study and the evolution of the muon spins is monitored through the anistropic decay of the muon. The decay positrons are detected in two counters set parallel and antiparallel to the muon initial polarization. Conventionally, the Cartesian axis defining this initial polarization is labeled Z.
A. The polarization function
Solving the Larmor equation for a muon spin S submitted to a magnetic field B, the evolution of the spin Z-component is readily obtained:
Here γ µ = 851.6 Mrad s T −1 is the muon gyromagnetic ratio.
Considering an experiment in the ordered phase of MnSi, the spontaneous field B 0,ℓ,sη to which the muon at site s η in magnetic domain ℓ is submitted is the vectorial sum of the dipole field arising from the Mn magnetic moments and a contact field that we will assume isotropic. The quantity S Z (t) is obviously given by Eq. 3 after setting B = B 0,ℓ,sη .
Since B 0,ℓ,sη linearly depends on the Mn magnetic moments it can be expressed in terms of a product of a coupling tensor G with a magnetic moment vector. For reasons that will become clear later, it is of interest to recast to the Fourier components of the magnetic moments. Following Ref. 15 we write
where
is the Fourier component of the sublattice magnetic moment. Here µ 0 is the permeability of free space, n c is the number of unit cells in the crystal under study and v c = a 3 lat is their volume. The sum in Eq. 4 is performed over the q vectors of the first Brillouin zone (BZ).
Reflecting the two contributions to B 0,ℓ,sη we write G dγ ,q,sη as the sum of the dipolar and contact field terms:
The dipolar term D dγ ,q,sη is computed following the Ewald summation technique. [17] [18] [19] This method ensures a fast and exact evaluation of the lattice sum which is slowly converging. The element of Cartesian components β 1 β 2 of the contact field tensor is written
where n d = 4 is the number of Mn sublattices in the cubic crystal structure. The assumed isotropy of the contact field interaction is enforced by the Kronecker symbol δ β1β2 . Recognizing the short range character of this interaction the sum is limited to the first nearest neighbors to the muon. In fact, in the MnSi crystal structure there are r µ = 3 nearest neighbors to the muon belonging to different sublattices. Therefore, for a given muon site and a γ sublattice the sum in Eq. 7 is limited to 1 or even 0 term. In the numerical investigation to be presented below we have performed tests including the second nearest neighbors. No significant change to our results has been found. From the study performed in the paramagnetic phase, 7 and the value A cont,TF = −0.9276 (20) mol/emu derived with different notations for the contact field coupling, we obtain r µ H/4π = −1.052 (2) for the relevant parameter describing the contact field.
15 This value will be our starting value for the fit of the spectrum in the ordered phase.
For future reference we provide an expression for m ℓ,dγ ,q . Introducing m ℓ,i+dγ given by Eq. 2 into Eq. 5 and using the equality i exp[i(q−q ′ )·i] = n c δ q,q ′ where δ q,q ′ is a Kronecker symbol, we derive
with
For a typical µSR experiment millions of muons are implanted in the compound under study. Considering the muons localized at site s η , the set of vector positions is {(r 0,sη + i), i ∈ DL} where i is a vector of the cubic direct lattice (DL). Owing to the incommensurate nature of the magnetic order the set of values spanned by the factor exp[∓ik ℓ · (r 0,sη
13, 15 Here we have recognized that m ℓ,dγ,q vanishes unless q = ±k ℓ (Eq. 8). The distribution of fields at the muon sites is therefore obtained after an integration over ζ:
where the expression for
is derived from Eq. 4. The polarization function associated with muons stopped at site s η in domain ℓ reads
For an expression of the muon polarization function P Z (t) we must average over the four muon sites and over the four k-domains, i.e.
Before considering the experimental data we need to include the effect of three physical phenomena which have not been addressed in the model described so far. The muon spin-lattice relaxation evidenced in previous experiments (see e.g. Refs. 14 and 20) is not accounted for in our model. For this purpose we will phenomenologically include an exp(−λ Z t) factor to the first term in the right-hand side of Eq. 3, where λ Z is the spin-lattice relaxation rate. The other phenomena to be addressed concern sources of damping of the oscillations associated with the second term in Eq. 3. Besides the magnetic field of electronic origin described by Eq. 4, the muons are sensitive to the field produced by the nuclei of the compound. Assuming the components of this field to be Gaussian distributed with a root-mean-square ∆ N , we add an exp(−γ 2 µ ∆ 2 N t 2 /2) factor to the second term in Eq. 3. Finally the coherence length of the magnetic structure is not infinite. In diffraction experiments this leads to Bragg spots with an extension which can overpass the width given by the diffractometer resolution. In µSR this contributes to a further damping of the oscillations. To account for this effect we replace the discrete sum over BZ in Eq. 4 by an integral and the Kronecker symbol in Eq. 8 by a continuous function. Altogether we perform the substitution
in Eq. 12 and replace Eq. 10 with
In addition we make the following change in Eq. 11:
Here we have defined
where ξ is the coherence length of the magnetic structure. This form for f ℓ,dγ (q) corresponds to a Lorentzian lineshape for the intensity recorded around a Bragg position in a scattering measurement. 21 To ensure convergence of the integral in Eq 15, we limit the integration to −5 ≤ ξq β ≤ 5 for each Cartesian component β of q and compute the proportionality constant in Eq. 17 accordingly. As before P Z (t) is computed from P Z,ℓ,sη (t) using Eq. 13. 
B. Results
A µSR asymmetry spectrum a 0 P exp Z (t) recorded on a crystal of MnSi and originally presented in Ref. 7 is displayed in Fig. 2 . The so-called initial asymmetry a 0 is an instrumental parameter. While only a 0 P exp Z (t) is fitted, it is useful to consider the field distribution associated with its oscillating part, namely D osc (B). It is pictured in Fig. 3 . Three characteristic fields are found: 91 mT for the isolated peak and 96 and 207 mT respectively for the lower and upper cutoffs of the continuous part of the distribution. 22 The solid line in Fig. 2 results from a fit of the model described in Sect. V A, with P exp Z (t) = P Z (t) and the magnetic structure given in Appendix A, to the data. The solid line in Fig. 3 is a byproduct of the fit of the asymmetry spectrum. Tables I and II display all the numerical parameters of the model. Notice that the two angles θ and ϕ in Tab. I have values corresponding to magnetic moments rotating in planes perpendicular to local three-fold axes. We found that any deviation from these values leads the model to substantially depart from the data. Therefore, in the final fit, these two values were fixed. Similarly we found that any small change in the muon position from the value x µ + = 0.532 derived from the aforementioned paramagnetic phase data results in a worse fit of the data.
Interestingly, assuming λ Z to be independent of the orientation of the Z-axis, i.e., the initial muon polarization, we have numerically checked that P Z (t) is independent of this orientation. This means that the same D osc (B) would have been measured for an other orientation of the initial muon polarization in the crystal lattice or in a powder sample.
VI. DISCUSSION
We have successfully described the µSR asymmetry spectrum with the periodicity of the helix as given by neutron diffraction and a Mn magnetic moment consistent with the value extracted from magnetization measurements. The three characteristic fields are reproduced thanks to the finite φ value. The moments are still rotating in planes perpendicular to local three-fold axes. These are the main results of this work. In Fig. 4 a picture of the magnetic structure in domain A is provided. While the φ value seems small at first sight, it has a noticeable effect on the magnetic structure: the moments of orbit 1 align nearly ferromagnetically with the moments belonging to the second-nearest Mn plane (orbit 2) -recall that the Mn planes are not equidistant. In fact, the rotation of the Mn moments in these planes is almost locked. The large coherence length is a signature of a well ordered magnetic structure in our sample. The nuclear damping is large relative to the value ∆ N = 0.36 mT computed in the Van Vleck high-field limit.
15,23 However, intrinsic and muon-induced electric-field gradients acting on the 55 Mn isotope 24 are expected to increase ∆ N . 25 It is known that these gradients are strong as fingerprinted by the easily observed avoided-level-crossing resonances. 26 A description of these electric-field gradient is still missing. It may explain the observed misfit on the left-hand side wing of the main peak; see Fig. 3 .
The hyperfine field parameter H deduced from the analysis of spectra recorded in the paramagnetic state in Ref. 7 and here at 5 K are very close. This implies that we do not observe any rebuilding of the Fermi surface when crossing the magnetic phase transition. In addition, this consistency is an argument against any muon-induced magnetic structure change. The parameter r µ H/4π is negative as always found. It is somewhat larger in absolute value than for metallic rare-earth or elemental ferromagnets. 15 This may not be surprising given the correlated nature of the conduction electrons in MnSi.
The λ Z value measured here is much smaller than reported in Ref. 14 for the same sample. This is obvious looking directly at the asymmetry spectrum, i.e., without any fitting. The origin of the discrepancy is unknown, but the previously published value was extracted from spectra recorded in a small longitudinal field (5 mT). We note that an unexplained rise of λ Z under the application of a small field has already been reported for other magnetic compounds.
27-30
Our analysis of the µSR spectrum has been performed assuming the most frequent handedness for the crystal structure. However the two enantiomers exist 31 and interestingly it was shown that the crystalline structure handedness determines the chirality of the magnetic structure. 31 Assuming our sample to crystallize in the other chirality, i.e., x Mn = 1 − 0.138 = 0.862, and accordingly changing the muon site to x µ + = 1 − 0.532 = 0.468, we have checked that an identical field distribution and therefore the same P Z (t) as shown in Figs. 3 and 2 are obtained, only provided the magnetic chirality is changed.
32 Therefore our conclusion about the MnSi magnetic structure is independent of the crystal handedness.
The question which naturally arises is the detection of the deviation from the originally inferred helical structure in neutron scattering measurements. In a usual experiment with unpolarized neutrons, the scattered intensity is proportional to the square modulus of the magnetic structure factor component perpendicular to the scattering vector. Recalling the magnetic structure factor definition (18) and using Eqs. 5, 8, and 9 we have
since we have found the vectors a ℓ,dγ and b ℓ,dγ to be independent of γ. From φ = 0 to −2.04
• , the relative change in |F mag ℓ (k ℓ )| 2 is about 3 × 10 −4 , making the magnetic structure derived from µSR very difficult to evidence in a neutron scattering measurement.
As mentioned in Sec. II, Eq. 1 is derived in the long wavelength limit. Starting from the same physical picture, but performing a microscopic analysis of the interaction energies, a deviation of the magnetic structure from a simple helix has been predicted 33 with signatures reminiscent of those obtained from our representation theory analysis: a dephasing of the magnetic moments in the two orbits and a rotation plane not perpendicular to k ℓ for the moments of the atoms in orbit 2. We observed the first signature but not the second. Further studies of Hamiltonian models with an extension of the exchange interaction beyond nearest neighbours could be considered. 34 Since the phase shift between certain subsequent planes is almost locked, we already infer the following consequence. To the interactions generally considered for the description of the magnetic properties of MnSi, namely the ferromagnetic exchange, DM, and weak anisotropic exchange interactions, listed here by order of decreasing magnitude, an additional term must contribute to the spin Hamiltonian. Since the presence of this term strongly decreases the effect of the DM interaction on the Mn atoms in one of the orbits it is not negligible.
When submitted to a relatively modest magnetic field, MnSi exhibits a so-called magnetic skyrmion lattice phase. 6 This phase which is observed in the vicinity of the paramagnetic phase has been found in several other systems. While it occupies a small pocket of the temperature-magnetic field phase diagram of bulk materials, its stability range is dramatically enhanced in thin films, 35 suggesting the use of magnetic skyrmions in spintronics applications. 36 The skyrmion phase being described as a superposition of three helices akin to the ZF structure of MnSi, our result might have implications on the detailed arrangement of the spins in this phase and its interpretation in terms of microscopic interactions. Signatures of the phase shift could be found in the phason excitations predicted for a skyrmion lattice.
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VII. CONCLUSIONS
We have managed to analyze a zero-field µSR spectrum of MnSi using a conventional method dealing with the reciprocal space, combined with representation theory as applied to the determination of a magnetic structure. We find the phase of the moments in orbit 1 to be shifted by about −2 degrees relative to the value given by the scalar product k · r. The neutron diffraction results do not contradict our finding. However, given the small shift found for MnSi, it is a challenge to confirm it using a scattering method. Assuming such a phase slip to exist in other helimagnets, it might be easier to evidence it in a system with a shorter helix pitch.
Remarkably, there is no need to introduce exotic physics such as a muon-induced effect to understand the measured asymmetry spectrum. Only time-honored physics is required. In addition to a new limit set on the knowledge of the magnetic structure of MnSi, this study provides a novel framework for the detailed refinement of subtle spin textures from µSR data. The magnetic structures consistent with the crystal symmetries of MnSi have been determined using available codes. In particular, the basis vectors for the symmetryallowed magnetic structures have been calculated with BasIREPS (FullProf) 40 and SARAh (Ref. 41 ) which give consistent results.
Here we shall explain the method focusing on the A domain with k A = k(1, 1, 1)/ √ 3. Results for the other three k-domains can be obtained by simple symmetry arguments; a few hints will be given at the end of the section.
For the G kA group which is made up of symmetry elements that do not change k A we find the Mn sites to split into two so-called crystallographic orbits. The first orbit only contains Mn I . The other three Mn atoms are in the second orbit. This classification can be physically understood since only for Mn I is the [111] axis going through that position and is parallel to k A ; see Fig. 1 .
For the first orbit we find three one-dimensional irreducible representations (irreps). Only one of them corresponds to a left-handed helix. Because our aim is to find a solution closely related with the currently accepted magnetic structure, we select this irrep. Introducing two unit vectors a A,dI and b A,dI , perpendicular to each other and tok A ≡ k A /k A such that (a A,dI , b A,dI ,k A ) is a right-handed basis, we write
For definiteness, we will set
which does not impose restrictions to the set of allowed structures. Symmetry has nothing to say about α A,dI . The shift φ of this phase relative to the phase of moments in orbit 2 is of the uttermost importance for the description of the ZF spectrum. Remarkably, at position I the helix is as predicted by the Ginzbug-Landau expansion, since Eq. A1 corresponds mutatis mutandis to Eq. 1 with α 0 = α A,dI .
For the second orbit we find three one-dimensional irreps. Let us first consider the results for one of them:
We have introduced 6 vectors: U A,dγ and V A,dγ for γ ∈ {II, III, IV}. They are written
and therefore depend only on six real numbers u i and v i , for i ∈ {1, 2, 3}. The method to derive these components is explained in Appendix B. In fact, the U A,dγ (V A,dγ ) vector from a line in Eq. A4 is obtained from the corresponding vector of the previous line after rotation R kA (4π/3) of angle 4π/3 around k A : for instance, U A,dIV is the image of U A,dIII through rotation R kA (4π/3). Sticking to our guideline we impose the same m value for the magnetic moment at the four different Mn sites in the crystal. Keeping with our previous notations we therefore set
for γ = II, III, and IV, where a A,dγ and b A,dγ are two orthogonal unit vectors. Contrary to the first orbit (Eq. A1) and to the Ginzburg-Landau derivation (Eq. 1), the vector n A,dγ ≡ a A,dγ × b A,dγ is not necessarily collinear to k A . Still, when it is collinear it is easily shown that the magnetic structure described by Eq. 1 can be obtained from Eqs. A3 and A5 after appropriately setting a A,dγ and b A,dγ in the plane defined by a ℓ=A and b ℓ=A .
To proceed we need to specify the three Euler angles defining the orthonormal basis (a A,dII , b A,dII , n A,dII ) in the crystallographic cubic axes. In line with the restriction we prescribe for the possible magnetic structures, we will set the third Euler angle defining the orientation of a A,II and b A,dII in the plane perpendicular to n A,dII to the value imposed by Eq. 1. Then the remaining free parameters are the polar and azimuthal angles θ and ϕ for n A,dII . We have a A,dII = (sin ϕ, − cos ϕ, 0), b A,dII = (cos ϕ cos θ, sin ϕ cos θ, − sin θ).
The basis relative to Mn sites III and IV is then directly obtained from Eqs. A4 and A5. When ϕ = ϕ 0 = 45
• and θ = θ 0 = 54.7
• [more precisely cos θ 0 = (1/3) 1/2 and sin θ 0 = (2/3) 1/2 ], and φ ≡ α A,dI = 0, we recover the known magnetic structure.
We do not consider the other irreps of the second orbit since, in the limit of vectors a A,dγ and b A,dγ perpendicular to k A they lead to a dephasing of ±2π/3 of the moments at the three Mn sites, a solution at strong variance from Eq. 1.
In summary, while limiting ourselves to a magnetic structure closely related to the currently accepted one, the application of representation theory provides us with two directions for relaxing the structure given by Eq. 1. The first one is the absence of link between the phase of the magnetic moment at site I with that at sites II, III, and IV. The second is the fact that the moments at sites II, III, and IV might not rotate in a plane perpendicular to k A . The spectrum refinement is made allowing the three angles to vary from their initial values ϕ = ϕ 0 = 45
• , θ = θ 0 = 54.7
• and φ = φ 0 = 0. A similar inference can be carried out for the Kdomains B, C, and D. For example, for domain B with k B = k(1,1, 1)/ √ 3 site Mn II belongs to the first orbit and Mn III , Mn IV and Mn I to the second orbit. Representation theory allows to derive equations similar to Eqs. A1 and A3 for the two orbits and Eq. A4 must be adapted for a rotation around k B . Restricting the possible magnetic structures as for domain A, equations similar to Eq. A6 are obtained. And so on for domains C and D.
Appendix B: Physics of the second orbit
Here we discuss the physics of the second orbit. The natural representation Γ can be decomposed in terms of the weighted sum of three one-dimensional irreps such that Γ = 3Γ 1 ⊕ 3Γ 2 ⊕ 3Γ 3 . From the results of the two available computer codes we have written down three systems of linear equations for the symmetry-allowed basis functions for domain A. The three functions F 1,i for Γ 1 in terms of the spin coordinates S α A,dγ , with α = {x, y, z}, follow the system of three linear equations: 
In the same way, for Γ 2 we derive 
and finally for Γ 3 we get 
Here we have introduced the phase factor a = − exp(iπ/3) = exp(i4π/3). If MnSi orders magnetically, for example, according to the first irrep, the coordinates for the second and third irreps vanish, i.e., F 2,i = F 3,i = 0.
39 This leads to the determination of the components of S A,dγ in terms of unknown constants. This rule is obviously valid for the three irreps. Equations A3 and A4 in Appendix A are derived in this way. By definition, S A,dγ = U A,dγ + iV A,dγ .
